We study violations of the weak equivalence principle in the context of string dilaton theories. In these models some fundamental constants become space-as well as time-dependent. We show that although universality of free fall (UFF) experiments set bounds on parameters that govern the cosmological evolution of the scalar fields, these are strongly relaxed when considering the space dependent behavior of the scalar field. We also analyze the Oklo bound on the variation of the fine structure constant. Conversely, including the space-dependent solution of the dilaton field, does not affect the restrictions on the free parameters of the model. Finally, consequences on the relevance of experiments on UFF are reanalyzed.
Introduction
Time variation of fundamental constants is such an active area of research as it ever has been. This is mainly due to two meeting circumstances: the increasing experimental evidence that the fine structure constant was lower in the past [1, 2, 3] and an increasing theoretical motivation in string derived field theories [4, 5, 6, 7, 8, 9, 10] , related brane-world theories [11, 12, 13, 14] , and (related or not) Kaluza-Klein theories [15, 16, 17, 18] in which many of the fundamental constants are functions of a scalar (dilaton) field. We also note the BekensteinSandvik-Barrow-Magueijo (BSBM) theory [19, 20, 21, 22, 23 ] as a consistent scenario in which only the fine structure constant varies.
Usually this field is governed by a wave-like equation, with different potential and friction terms dependent on the specific low energy model. A parallel enhancement of this time-varying excitement are variable speed of light (VSL) theories [24, 25, 26, 27] aimed at solving the cosmological problems in an alternative fashion to the inflationary paradigm. On the other hand, it has been increasingly recognized that without a theoretical well founded model in which to study the variations of fundamental constants, observational upper bounds can only be set on the parameters entering the observations simultaneously [28, 29, 30] , the assumption of only one of them as time-dependent being illfounded.
In the past few years there have been a lot of work on time varying constants, with only a few of them focusing on the space dependent solutions of the equations of motion. This is mainly due to two reasons: 1) any scalar field must be very weakly coupled to matter, otherwise deviations from standard local physics should have already been observed, hence both space and time dependences must be (at least almost) cosmological and 2) on cosmological scales any time dependence can be more clearly discriminated from other effects, while direct observations of space dependences are conspired by the uncertainties in the distribution of (dark-non standard as well as baryonic) matter in space.
The space dependent solutions for the scalar field lead to space dependent effective fundamental constants. Composite masses such as protons or neutrons have different contributions from all the interactions, and if any of these are space dependent violations to the UFF will occur [31] . More recently there have appeared a number of works [32, 33, 34, 35, 36, 20] approaching the space dependent case. Although the current lore claims that minimal e-varying theories yield violations of the UFF for bodies with different electrostatic relative contributions to the total mass, while minimal VSL theories do not present such violations, a different voice [20] has recently appeared claiming no violation of the UFF for e-varying theories as well.
In this work we consider the string dilaton model originally analyzed in Ref. [7] . In that work it was derived a cosmological model in which the dilaton is driven to an almost matter-decoupled state at present, although small deviations violating UFF and constancy of fundamental constants remain. Space independent cosmological solutions were considered, the origin of the UFF violation being the one-dilaton exchange contribution to the effective gravitational constant [37] . As in this scenario the coupling between the different interactions and the dilaton are not the same, bodies with different composition will be governed by different effective gravitational constants. Here we consider in addition the effect of the space-dependence of the masses on the total acceleration of composite bodies toward our planet, the sun and the Virgo cluster. We find that the space-dependent solution contribution to the violation of the equivalence principle is more less of the same order of magnitude than the timedependent solution contribution, but with opposite sign. We also discuss the Oklo bound on the variation of the fine structure constant in the context of the complete solution. In this case the space dependence is almost irrelevant and does not change previous results.
We organize this paper as follows. In the next section we summarize the model and solve the equations for the dilaton field φ and obtain the most general spherically symmetric space-dependent solution with separable time dependence (which will be assumed to exclusively account for the cosmological evolution). In section 3 we calculate the violation of the equivalence principle, considering the solution obtained in the previous section. In section 4 we discuss the Oklo bound on the variation of the fine structure constant including the space-dependent solution for the dilaton field. Our conclusions are presented in section 5.
The Dilaton-matter Model
In this section, we solve the equation for the dilaton field, considering the most general spherically symmetric case with separable time dependence. Following Ref. [7] , the field equation for the dilaton reads:
whereḠ is the bare gravitational constant. At the tree level in the strong-loop expansion, and after dilaton-dependent scalings of the fields, the matter sector of the action can be written as
where φ is the (redefined) dilaton field, F 2 stands for the gauge Fields contribution, D is the gauge-covariant derivative and the dots stands for the Higgs sector. We will consider the behavior of composite neutral bodies in the presence of gravitational fields and absence of gauge external fields. Consequently all the gauge field dependences on the dilaton can be absorbed in the dilatondependence of the composite masses, and it will suffice in order to solve the equation for the dilaton to consider the effective mass term of the action:
A further consequence of our assumptions is that the density can be written as ρ =ΨΨm E . In this approximation we can neglect the spatial backreaction of the metric to the local matter distribution, and the final expression for the dilaton equation results:
and κ is the curvature of the function log B −1 (φ) near its minimum φ m .Λ
GeV is the dilaton-independent cut-off string-mass scale and we have used the value suggested in [7] (details can be found therein). The equation now reads:
It is convenient to work with the redefined field φ − φ m
The solution can be found separating variables:
which is consistent only if we assume that the density inhomogeneity can be described additively ρ =ρ (t) + ∆ρ (r) (12) obtaining one equation for each variable after introducing a new integration constant Γ:
where the coupling between the dilaton and the overdensity is described by β ∆ρ whereas βρ stands for the coupling between the dilaton and the background density. Now, given that T satisfies the equation of motion of the homogeneous scalar field, we can adjust the scales of R(r) and T (t) so that T (t) becomes the difference between the cosmological scalar field and its value at the minimum of the potential, T ≡ φ c − φ m , yielding the following condition:
and hence Γ = 0. The equation for R (r) results:
Given our assumption of a spherical symmetric mass distribution we have
and calling u = r R (r), we obtain:
Let us now consider, for didactical reasons, the case of a body of radius a with uniform mass distribution, ∆ρ . Appendix A treats the case of the general mass distribution. In this case the most general solution to equation 17 is:
where u < (r) y u > (r) are the body-inner (r < a) and body-outer (r > a) solutions respectively, and λ = 4πḠ∆ρβ∆ρ c 2
. The condition (14) fixes C = 1. The differential equation shows that there is a finite discontinuity in the field second derivative at r = a, whereas the first derivative and the field are continuous functions of r:
Ae
Furthermore, if the field is finite at r = 0, then u(0) = 0:
We are interested in the solution outside the mass distribution. The boundary conditions fix completely D in terms of the radius and density of the body, and the solution for the scalar field finally results
where
We call the first factor in the right-hand side of eq. 23 the "cosmological term", as it is the purely temporal (cosmological) part analyzed in [7] . We will refer to the second term in the r.h.s. of 23 as the space-dependent or local solution.
Violation of the equivalence principle
In this section we analyze the violation of the equivalence principle using the solution for the dilaton field obtained in the last section which includes a space dependent term. Following the analysis made in [31] , we have for the acceleration of a body of mass m A in the presence of a body of mass M E :
where we have used our complete solution φ (r, t). The second term in the last equation is the total correction to the acceleration. The differential acceleration between two bodies A and B falling toward a third body E is:
We can simplify the last expression, provided that λ E R E << 1, where R E is the radius of the overdensity considered. In this case, we obtain the following expression for D:
In table 1, we calculate λ E R E for the Earth, Sun and Virgo Cluster, considering ordinary matter coupled to the dilaton field. The order of magnitude of these results does not change if we consider the supersymmetric particle (m E = 40 GeV) as a suitable candidate for dark matter, . We verify that eq. 28 holds in all the cases considered if κ < 100. Indeed we know, from the comparison with all available data on time variation of the fine structure constant [48] , that the preferred value for κ is less than 20. On the other hand, a lower bound on κ arises from theoretical considerations [7] , namely κ > 9.2 × 10 −3 . Inserting this approximation in equation 27, we obtain:
Note that our correction has the same form as that in Ref. [7] , the only difference being the coefficient γ between ∆a a and g E (g A − g B ), which now has two terms. The second one depends on the features of the attracting body, such as its Newtonian potential U = GME c 2 dE and of the kind of matter that couples to the dilaton field (β E = κ 40.75 − ln mE GeV ). We show in table 1 the values of γ κ for the Earth, the Sun and the Virgo Cluster in the case of ordinary matter. Again, these results do not change in a significant way when considering m E = 40 GeV. Including the spatial dependent solution of the dilaton field, adds a contribution of more less the same order of magnitude and opposite sign to the violation of the equivalence principle. Thus, the net effect is some orders of magnitude lower than the prediction made in [7] , as shown in table 1, and this is independent of the kind of matter coupled to the dilaton field. This shows the relevance of the space dependent solution. Further consideration are presented in the conclusions. 4 The Oklo bound on the variation of the fine structure constant α
One of the most stringent limits on time variation of fundamental constants follows from an analysis of isotope ratios of 149 Sm/ 147 Sm in the natural uranium fission reactor that operated 1.8 × 10
9 yr ago at the present day site of the Oklo mine in Gabon, Africa [40, 41, 42] . From an analysis of nuclear and geochemical data, the operating conditions of the reactor could be reconstructed and the thermal neutron capture cross sections of several nuclear species measured. In particular, a shift in the lowest lying resonance level can be derived from a shift in the neutron capture cross section of the same nucleus. We know that we can translate the shift in ∆ into a bound on a possible difference between the values of α during the Oklo phenomenon and their value now. The first analysis was performed by Shlyakhter [40] and improved later by Damour and Dyson [41] . A recent work, which includes new samples taken from the Oklo reactor and considers the posterior effect of contamination of the samples, was made by Fujii et al. [42] .
In this section we analyze Oklo's bound on α in the context of the dilaton model, including the space-dependent solution. Following [7] , the expression for the unified gauge coupling constant is:
The expression for B F (φ) = B (φ) can be written as:
is the space independent solution found in [7] , ∆φ = φ in − φ m , φ m is the minimum value reached by the dilaton through its cosmological evolution, whereas φ in is its initial value. F r (κ) = 3.49×10 −8 κ −9/4 and F m (κ, t) are the radiation and matter attraction factor respectively, defined in [7] :
and a (t) is the scale factor of the Universe. Including the space-dependent solution for the dilaton field, gives the final expression for α GUT :
In order to compare the prediction of the dilaton model with the Oklo bound, we need to apply the renormalization equation to the value of α i (E GUT ) = α GUT , which relates the values of the coupling constants at different energies:
where b depends on the string model and M W is the mass of the W boson. On the other hand, the expression for the fine structure constant at E GUT is related to the value of the gauge coupling constants of U (1) and SU (2) by the following equation:
where α GUT is the value of the unified coupling constant at E GUT . Now, we can write the observable quantity ∆α α , as follows:
where the last equality holds since observational data from quasar absorption systems claim ∆α α = (−0.7 ± 0.23) 10 −5 [2] and the most stringent Oklo bound is ∆α α = (9 ± 11) 10 −9 [42] . Thus, we can write an expression for ∆α α which does not depend on the renormalization group equation, and thus on the string model considered. On the other hand, in order to avoid numerical errors we do a first order Taylor expansion as follows:
∆r (39) Using this last expansion in eq. 38, we obtain:
where ∆α α DP is the variation of α predicted by Damour and Polyakov considering only the time dependent solution and v is the peculiar velocity that corresponds to the free fall to the center of the Virgo cluster. Including the space dependent solution adds two terms of order is finite as long as κ < 17. Thus, it follows from table 1 that the space-dependent solution of the dilaton field is not important for the prediction of ∆α α . Finally, using the Oklo bound on the variation of α placed by Fujii et al. [42] , we obtain:
Conclusions
In this work we have reconsidered the restrictions of the experimental tests on the UFF on dilaton string models, specially on the parameters that specify the cosmological evolution of the scalar field. Including the effect of the space dependence provides us with a new result: the violation of the equivalence principle is proportional to the gravitational potential. How come this? The dilaton (hence the effective passive gravitational mass) has a space dependence proportional to the gravitational potential. The correction to the total (gravitational plus scalar) force has the same space dependence as the Newtonian term. On the other hand, the assumption λ E R E << 1 makes the coefficient D dependent only on the mass of the attracting body, not on its size, so the correction coefficient depends on the same parameters as the Newtonian potential. Anyway, the almost cancellation of the violation of the equivalence principle is an unexpected result of our assumptions. Being so small, violations should be observable comparing the free fall of bodies with different composition toward the Virgo cluster or even larger structures with large enough gravitational potentials. The cosmological time variation of the scalar field is driven by the strength of its coupling with the dominant mass-energy in the Universe, whether α m (dark matter) and/or α V (dark energy). In turn, the violation of the equivalence principle depends on the dilaton coupling with (hadronic) matter α had , so looking for space-time variations of α may test different sectors of the same theory than those that UFF tests.
The total variation in the Oklo case is minimally modified by the space dependence, which is a direct consequence of the time dynamics of the model during the matter dominated era. This modification is an additive term proportional to the cosmological expansion, much smaller than the space independent term by a factor related to the ratio of the schwarzchild radius of the attracting object to the falling distance. This result also applies to the variation of α on space-time scales involved in the observations of Webb et.al. [1, 2, 3] .
Besides some controversial exceptions [25, 23] , in the last decade or so all theories proposed so far to analyze the time variation of fundamental constants are Lagrangian-based. Only the string-based theories look for a justified foundation of the precise form of the Lagrangian. In any case, there is a strong ignorance on the strength of the coupling of the scalar field to the different forms of matter-energy. Our results can also be extended to any Lagrangianbased theory, as the main difference lies in the coupling of the dilaton to matter, with the usual quadratic kinetic term leading to the canonical second order differential equations.
There are different ways of approaching the space dependent case, even within a given theory. Our approach can be considered as the static time independent approach. Let us clarify this statement. There are other approaches which look for space inhomogeneities resulting from different time evolutions of the scalar field, for instance in overdense regions in the Universe. There is the gauge-invariant approach, which consider the perturbations of the scalar field as they follow the perturbations of the density [49] . Another one studies the spherically symmetric inhomogeneities by matching a flat (k = 0) to a curved (k = 0) Friedman Universe [32] (in this case the spatial inhomogeneity of the scalar field may become more important than its time variation on a given cosmological space-time scale). Actually this case refers to the rate of change, and it should be considered carefully how this relates to any spatial fluctuations of α. Another example recently analyzed is the virialization scenario [50] , developed in order to analyze the nonlinear regime of both density and scalar field perturbations. How all theses approaches are related to each other is not clear, and further work such as applying them to a given situation should be done. There should be no contradiction among them, as it is clear that they apply to different systems and or regimes or even may refer to different observables of the same field.
The dilaton runaway scenario [9, 10] has been recently proposed, one of its features being also a negligible violation of the equivalence principle, while keeping at present a non negligible residual coupling of the scalar field. This scenario is not needed after the results of this work, as the strong suppression of the UFF violation found here should ease the reconciliation of most models where α is driven by a very light scalar field. In Ref. [38] it is stressed that a large violation of the university of free fall is a necessary but not sufficient condition for having a measurable large cosmological variation of e 2 . Our result strongly modifies this conclusion, as our suppression mechanism of the UFF violation does not affect significantly the cosmological variation of α (as shown in the previous section). Without considering the space dependence the relation is α had ≃ ±1.4 × 10 −4 10 12 ∆a a . Including the space dependence introduce a correction factor as small as 10 −6 . This no longer makes the search for a violation of the UFF the best experimental probe of an eventual variation of constants, but at best a comparable method.
A General proof
In this appendix we shall show that the expression (28) for the correction factor is not limited to a homogeneous distribution of matter but is a general result. We shall solve the following differential equation:
through the process of successive approximations [51] , since r = 0 is an ordinary point. The solution that satisfies the boundary conditions at the origin is:
The next approximation is found in the form:
which can be recast in the form:
The first term in the integral is the mass excess enclosed in a sphere of radius r and the second is the internal gravitational potential generated by the same mass. The radius of the overdensity is r = a. Thus:
where U (r) is minus the Newtonian potential. The interpretation of this equation can be obtained observing that the total gravitational potential normalized to zero at infinity is:
and so
The general internal solution will be then:
The derivative of the correction is immediately obtained from the differential equation, as follows:
and its value on the surface is du (1) (r) dr a = β ∆ρ A U (0) c 2 −
